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Abstract 

We calculate various tree-level (disk) scattering amplitudes involving gauge, matter 
^ and moduli fields in type IIB toroidal orbifold/orientifold backgrounds with D9,D5 re- 

^ I spectively D7, Z)3-branes or via T-duality DG-branes in type II A compactifications. In 
type IIB the Z)-branes may have non-vanishing fluxes on their world-volume. From 
these results we extract the moduli and flux dependence of the tree-level gauge couplings, 
the metrics for the moduli and matter fields. The non-vanishing fluxes correspond in the 
T-dual type II A description to intersecting DG-hranes. This allows us to determine the 
moduli dependence of the tree-level matter field metrics in the effective action of inter- 
secting DG-brane models. In addition we derive the physical Yukawa couplings with their 
correct normalization. 



1. Introduction 

Four-dimensional superstrings constitute at the moment the best candidates for uni- 
fication of all interactions. In trying to use these theories to describe the observed physics 
or the measurements in future accelerator experiments like the LHC, it is of fundamental 
importance to obtain the low-energy field theory of each given class of 4-D string. In this 
context the deviation of the minimal supersymmetric standard model (MSSM), the is- 
sue of supersymmetry breaking, mass generation, the search for supersymmetric particles, 
rare decays, fiavor changing neutral currents, the search for extra dimensions and gauge 
coupling unifications will be central topics. 

About ten years ago this program was pursued with great detail and also some success 
(see e.g for 4-D heterotic string vacua More recently it became evident that 

open string constructions and most notably intersecting brane worlds offer excellent 

opportunities for realistic string phenomenology (see also for a review). Within these 
string compactifications, in general a hierarchy of dimensions supporting different kinds 
of massless fields is opening up: first, there is the closed string sector in the entire ten- 
dimensional space, which contains besides the gravitational fields also the geometric scalar 
moduli fields of the internal compact space. Second, open strings provide the standard 
model gauge fields, living on the p -(- 1-dimensional world volumes of -Dp-branes, and third, 
the standard model matter fields correspond to open string excitations which are located 
at the even lower-dimensional various intersections of the D-branes in the internal six- 
dimensional space. Then the fermion spectrum is determined by the intersection numbers 
of certain homology-cycles in the internal space, as opposed to the heterotic strings, where 
the number of generations was given by the Euler characteristic in the simplest case. 

Some results on the low-energy effective action of intersecting brane world models were 
already obtained in the past: the effective scalar potential is needed to discuss the question 
of stability of intersecting brane world models ; tree-level gauge couplings [0 and one- 



loop gauge threshold corrections [12 1 in supersymmetric intersecting brane world models 



were calculated, and the question of gauge coupling unification was addressed in ||T3|,p 
using the N=l type / - heterotic string-string duality, some results for the matter field 
Kahler metric and for soft-SUSY breaking terms in the effective action were obtained in 



T5[] ; finally effective Yukawa couplings [p!6| , p!7|JT^ and higher point scattering , relevant 



for fiavor changing neutral currents [20| and proton decay were also investigated. 
However, the amplitudes discussed in all those references involve only open strings inserted 
at the boundary. In certain cases the amplitude may be easily deduced from known closed 
string results. More concretely, the open string vertex operators inserted at the boundary 
depend only holomorphically on the world-sheet coordinates. If the full open string vertex 
operator or only its internal part represents just half of an analogous closed string vertex 
operator, for that particular piece of the full correlator a similar computation on the 



1 



sphere may be borrowed. The latter involves both the holomorphic and anti-holomorphic 
side and the open string result may be obtained by essentially "taking the square root". 
However already in the case of scalar matter field vertex operators, this simple procedure 
fails. E.g. a scattering of four matter fields on the sphere like in heterotic string theory 
assumes a completely different momentum expansion than the same amplitude with matter 
fields represented by open strings. To conclude, generically one should not expect a closed 
string computation in any simple way to be related to a scattering amplitude involving 
open string states from the boundary. As we shall see, this statement will be strengthened 
when considering disk amplitudes involving in addition also closed string states from the 
bulk. These bulk states in particular include all closed string moduli of the underlying 
compact fields, namely the Kahler moduli as well as the complex structure moduli . 
Therefore, deriving the moduli dependent gauge coupling constants for the open string 
gauge fields or the moduli dependent Kahler metrics for the open string matter fields, 
mixed open/closed string scattering amplitudes have to be computed. As we will see, here 
subtle issues arise, which are quite different from heterotic string amplitudes. 

The aim of this paper is to explicitly compute several disk scattering amplitudes 
involving open string gauge and matter fields as well as closed string moduli fields from 
intersecting branes and deduce from them directly relevant parts of the open/closed string 
4-D effective, low-energy field theory. We will perform the computation of the open/closed 
string scattering amplitudes in the type IIB (J^-fiux picture) as well as in the T-dual 
type II A picture (angle picture) . In type IIB we are dealing with Z)9-branes wrapped on 
a six-dimensional torus with open string magnetic jF-flux turned on. Therefore the D9- 
branes have in general mixed Dirichlet and Neumann boundary conditions on the torus, 
which becomes non-commutative in this way. Via T-duality on three directions of the 
torus the L>9-branes become L)6-branes, being wrapped around 3-cycles of the dual torus 
and intersecting each other on various points of the dual torus, with intersection angles 
that are in one-to-one correspondences with the IIB jF-fiuxes. All our disk amplitudes are 
valid for arbitrary fiux values, i.e. arbitrary intersection angles. However when extracting 
from the amplitudes the low-energy effective action we mainly concentrate on D-brane 
configurations which preserve 4-D N=l space-time supersymmetry. In type IIB this means 
that the fiuxes have to be chosen in such a way that essentially the D-branes have either 
D9 or Db-hrane (or iD7/-D3-brane) boundary conditions. On the T-dual other side, 
the L>6-branes have to satisfy certain angle conditions in order to be N=l space-time 
supersymmetr ic . 

It is well known [^2| that any N=l supergravity action in four space-time dimensions 
is encoded by three functions, namely the Kahler potential K, the superpotential W, 
and the gauge kinetic function /. When such an effective action arises from a higher 
dimensional string theory these three function usually depend (non-trivially) on moduli 
fields describing the background of the present string model. It is the aim of this article 
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to determine the moduli dependence of the gauge kinetic function / and of the Kahler 
potential K from string tree-level scattering amplitudes. One-loop corrections will be 
discussed elsewhere. 

In the first part of the paper we will compute those scattering amplitudes between 
open string gauge bosons and closed string moduli fields that are relevant for the moduli- 
dependent, effective 4-D gauge couplings. This is important for the issue of gauge coupling 
unification and, in supersymmetric compact ificat ions, for the computation of the soft gaug- 
ino masses. The holomorphic gauge kinetic function has been determined for supersymmet- 
ric intersecting brane world models, in []TT| at string tree-level via dimensional reduction of 



the Born-Infeld action and in |12] at one-loop by explicit string calculations. Our results 



indeed here confirm the findings of ||Tl[] for supersymmetric D-brane configurations. 

Secondly, we compute the kinetic energy terms in the effective action for open string 
matter fields. Being moduli-dependent quantities, these are needed for the correct nor- 
malization of the (physical) Yukawa couplings, for the matter field scalar potential and 
for the soft scalar masses (squarks and sleptons). In intersecting brane world models chi- 
ral fermions stem from open strings stretched between two intersecting branes of angles 
6 = {9^, 6"^, 6^). For supersymmetric angles, these fermions come in N=l chiral multiplets, 
whose lowest component is the scalar matter field Cq. From the point of view of the open 
string conformal field theory, the open fields Cq obey mixed boundary conditions and are 
associated to twist fields. In addition there may be untwisted matter fields C^, which come 
in N=4 multiplets for the case of toroidal models. 

The Kahler potential for the moduli M and matter fields C^, Ce reads up to second 
order in the matter fields: 

K = k{M, M) + ^ G^^-^^ (M, M) CeCe + G^.c, ^) ^^^j + ^(C'^) ■ 

twisted untwisted 
matter 9 matter i,j 

(1.1) 

The index 6 collectively denotes a given matter field coming from one pair of intersecting 
branes of angles 6. It is the purpose of this article to calculate the metrics G^j^-^^ and 
Gq -q for intersecting brane worlds from various disk amplitudes involving matter and 
moduli fields. Untwisted matter field metrics for N=l type / compactifications on toroidal 
orbifolds with parallel iD9-branes without fiuxes have been determined in . In addition 



we will also calculate open string disk amplitudes that describe the scattering of four 
matter fields. Performing suitable factorization limits these amplitudes contain useful 
informations on the physical Yukawa couplings and in this way on the (holomorphic) 
trilinear superpotential which reads: 

W^Y. ^«/37(^') C^CpC^ . (1.2) 
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Our string scattering computations for the matter field metrics substantially extend 
and improve the claims made in [|15|]. The latter relies on arguments based on N=l type 
/ - heterotic duality in D = 4. This is a strong- weak coupling duality involving a mixing 
of the dilaton with the other moduli fields. Therefore a comparison of heterotic results on 
the sphere with a similar type / result from the disk is to be questioned. Moreover, we 
shall see that the moduli dependence is derived from a disk amplitude involving both open 
strings from the brane and closed strings from the bulk. This coupling has no obvious 
relation to a pure closed string coupling on the sphere. In particular, this disk coupling 
is not just a square root of a similar coupling on the sphere. Furthermore, taking into 
account the problems discussed in ||2^, it is a challenging task to find the correct duality 
map of fields in the effective actions of N=l heterotic and type / theories. 

The paper is organized as follows. In the next section we review the aspects of open 
string conformal field theory which will become relevant for the computation of the various 
disk amplitudes. Special emphasis is given to D-branes with mixed boundary conditions 
(type IIB picture), respectively intersecting D-hianes (type 1 1 A). Section 3 is devoted 
to the derivation of the tree level effective gauge couplings. First, we compute the gauge 
couplings from the Born-Infeld action with fluxes in type IIB, including also the known 



expressions of the holomorphic /-function for supersymmetric D9 and L>5-branes 
without fluxes. These results are nicely reproduced by the scattering of two open string 
gauge fields with one closed string modulus, where one has to make a careful transformation 
between the string moduli, referring to string vertex operators, and the (supergravity) field 
theory moduli fields. Analogous results are obtained for rotated DG-branes in the T-dual 
type II A picture. In sections 4 and 5 we present our results on the scattering of two open 
string matter fields and one or two closed string moduli. First, in section 4, we derive 
the amplitudes and the metric for the untwisted matter fields in the presence of fiuxes on 
the branes. After that in section 5 we discuss the twist field open string vertex operators 
and the associated disk amplitudes and compute the twist field matter metrics. Finally in 
section 6 we compute the scattering amplitudes of four open string matter fields which are 
needed for the derivation of the physical Yukawa couplings. Some conclusions are presented 
in section 7. In appendix A we consider scattering of two closed string moduli fields off 
Dp-hranes. These results allow to determine the Kahler potential for the closed string 
moduli fields. In appendix B we calculate disk amplitudes involving two matter fields 
from the boundary and one massless bosonic closed A^S'-string state from the supergravity 
multiplet. 
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2. Disk amplitudes involving open and closed string states 

In this subsection we review some technical details occurring in open string disk cal- 
culations. The world-sheet diagram of a string S'-matrix describing the interaction of 
open and closed strings at (open string) tree-level can be conformally mapped to a surface 
with one boundary. The latter may be described by a disk, which is conformally equiv- 
alent to the upper (complex) half-plane Tij^ = {z G C | lva{z) > 0}. The open string 
states are inserted by vertex operators at the boundary of the disk. On the other hand, 
the closed string vertex operators are inserted inside the disk. In theories with D-branes 
massless fields like gauge fields, Wilson line moduli or matter fields originate from open 
string excitations living on the D-brane world-volume. Hence the boundary of the disk 
diagram is attached to the L>-brane world-volume. On the other hand, the closed strings, 
representing e.g. the graviton, dilaton and metric moduli live in the bulk and are inserted 
in the bulk of the disk. Disk scattering of closed massless strings from the supergravity 
multiplet in the presence of L>-branes has been addressed in the past in Refs. [25-|31|. It 
is one of the purposes of this article to extend these works to moduli fields. 

The disk, represented as upper half plane H+ , may be obtained from the full complex 
plane representing the sphere, through a Z2 projection z ^ z. Apart from the usual 
correlators on the sphere 

(X"(^i) X\z2)) = -9''' HZ1-Z2) , 

irizi) i^\z2)) = , (2.1) 

Zl - Z2 

{(j)izi) (/}{z2)) = - ln{zi - Z2) 

for the bosonic fields X", fermionic fields "0" and ghost field (f), this projection implies an 
interaction between the left-moving and right moving closed string fields (c/. e.g. ||28|| ): 



(X«(zi) X\z2)) = -D-'' ln(^i-^2), 

{r{zi) ^\z2)) = , (2.2) 

Zl — Z2 

{(i){zi) (t){z2)) = -ln(zi -Z2) . 

The matrix D"^^ depends on whether Dirichlet or Neumann boundary conditions are im- 
posed on the open string fields attached to the Dp-hra.ne: 



£)ab ^ I fi'"'' , tangent indices , 3) 
—g""^ , normal indices 



We shall calculate disk correlators involving No open strings inserted at the boundary 
'z of the disk and Nc closed strings from the bulk. More precisely, we concentrate 
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on the foUowing kinds of disk amphtudes (z) No = 4 A^^ = 0, (ii) No = 2 , Nc = 1, 
{in) Ao = , Ac = 2 and (iv) Aq = 2 , Ac = 2. The case (z) is much easier to handle 
than the other cases. In the case (i) only massless open string states are inserted at the 
boundary of H+. The latter describe massless fields like gauge fields or Wilson lines living 
on the D-brane world volume. Their vertex operators involve only holomorphic fields and 
Eq. (|2.1J ) describe their interaction. The same holds for charged matter fields living on 
the L>-brane world volume (or intersections thereof). On the other hand, if Ac 7^ also 
anti-holomorphic fields are involved and produce non-trivial interactions (^3) between 
holomorphic and anti-holomorphic fields. This additional mixing may simply be taken 
into account with the so-called " doubling trick" . All left-moving fields of the closed string 
vertex operator are multiplied by the matrix D: 

X^{z) X^iz) , r{z) ^ D^j i^'iz) , m ^ m ■ (2.4) 

Their interactions ( p.2|) then follow from the sphere correlators ( p.l|) after taking into 
account the matrix D^^ in ( |2.4| ). Essentially this means that the world-sheet is doubled 
to a sphere with left- and right-moving parts of one closed string vertex (inserted at the 
point z G 7i+) with momentum 

q\\ ,= ^^q + Dq) (2.5) 

assumed to constitute two open string vertex operators. One of the open strings is inserted 
with momentum g/2 on the sphere at z and the other with momentum Dq/2 at the location 
z. Hence a disk scattering of No open strings inserted at the boundary z = z and Ac 
closed strings from the bulk is similar to a string scattering of No + 2Ac open strings on 
the double cover. There are also differences, namely the Chan-Paton factors, the position 
on the world-sheet and extra constraints on the momenta and polarizations. 

Let us stick to our case (ii) involving two open strings of momenta pi and p2, respec- 
tively and one closed string of momentum q. Only the momentum along the direction of 
the D-brane is conserved: 

Pi+P2 + ?"=0. (2.6) 

We may write the relevant closed string momentum = ^{q + Dq). According to the 
discussion above, we may split the closed string into two open strings. Therefore, we have 
four open strings with momenta pi,P2, \p and \Dp, respectively. Note, that in the four 
open string vertex operators the doubled momenta ki enter: 

ki = 2pi , /c2 = 2p2 , ks = q , k^ = Dq . (2.7) 

With these momenta ki the momentum conservation ( ^.6| ) may be written: 

ki + k2 + k3 + k4 = (2.8) 
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like in an usual four particle scattering process. Since we consider massless strings only, 
i.e. Pi = P2 = = 0, we have kf = 0. We also introduce the kinematic invariants 

{s + t + u = 0): 

s = kik2 , t = kiks , u = kik^ . (2-9) 

However, as already anticipated above, all four momenta are not independent. This has 
the consequence |]27[] : 

s = -2t , u = t, (2.10) 

which means, that a scattering of two open strings with one closed string allows only for one 
independent kinematic variable. We shall always work with the momenta ki, i.e. we use 
ki in the open string vertex operator, while the closed string vertex carries the momentum 
Q- 

So far we have only discussed the case of pure Neumann or Dirichlet boundary condi- 
tions. These two cases are encoded in the matrix D, introduced in (|2.3| ). Quite generally, 
including the case of mixed boundary conditions, which are governed by a non-trivial 
background flux on the D-brane, the matrix D is given by: 

D = -g-^ + 2{g + J^)-^ , (2.11) 

as follows by comparing the correlators (|2.1D and (|2.2|) with the analogous expressions in 



3^,^ . The matrix D captures the special cases JF = and J-' ^ 00 corresponding to pure 



Neumann or Dirichlet boundary conditions, respectively. For these two cases the matrix D 
boils down to (2^). With the open string metric G and the non-commutativity parameter 

e- = -(, + ^)-^(,-^)-, 

= {g + J^r' g {g - J^)-\ 
introduced^ in ||3^, we may also writell: 

D = -g-^ + 2 Q-^ +2 Q-^ . (2.13) 



3. Tree— level scattering of two gauge fields and one modulus 

In this section we shall investigate quite generally the tree-level gauge couplings of 
-Dp-branes wrapped on p — 3-cycles (p > 3). As we shall demonstrate in subsection 3.1 
these couplings may be easily obtained by dimensionally reducing the Born-Infeld action 
of the Dp-hrane on the p — 3-cycle Cp-3. But we consider it to be a useful warm up 

^ Compared to |33| |, we performed the replacement: 2Tia' B T and Q^^ Itxol G^^. 
2 Note: D^y^^ = 1{D + D') = -g-^ + 2 G'^ and Danti = \{D-D*)=2 Q-\ 
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to derive this result independently by a string scattering amplitude in order to introduce 
some crucial ingredients necessary for the determination of the matter field metric. We 
shall determine the tree-level gauge couplings of Dp-hranes with fluxes expressed by the 
complex moduli fields describing the internal compactification manifold. This generalizes 
the discussions in Refs. [^|TT| . In particular our formulae capture also intersecting branes 
with tilted tori. After performing T-duality in n directions, we generically obtain the 
gauge couplings on tilted D{j> — n)-branes. We set up the discussion in type I IB. Hence 
we consider D9, -D7, -D5 and DS-branes with a U{N) gauge theory on their world-volume. 
The D9, D7, DS-branes are wrapped on 6, 4, 2-cycles, respectively. In addition, we assume 
the cycles to be factorizable into 2-cycles T^'-^ ,j = 1,2,3. The discussion takes over to 
type / after dropping the D7 and D3-brane. The type / theory may be obtained from 
type IIB by an orientifold projection. The world-volume gauge theory on the D-brane 
sitting on the orientifold plane becomes then SO{2N) or USp{N). In that case, all gauge 
couplings, derived in the following for U {N) gauge groups, have to be multiplied by a 
factor of 2, i.e. 9lp^so{2N) = '^9 Dp H- 

3.1. Gauge couplings of Dp-branes with fluxes (Type IIB picture) 

We start with the type IIB superstring in ten space-time dimensions {D = 10). Its 
Einstein term is given by 

SiiB = -TTT^^ / d''x R , (3.1) 

with the dilaton field (pio in D = 10. On the other hand the dynamics of the massless NS 
fields on the Dp-hrane are described by the Born-Infeld action 



<? — —T 
t^p J. p 



j (F+^^ e-'^io Tr ^ -det{G + B + 2Txa' F) , (3.2) 



with the world volume gauge field strength F. The metric G and the anti-symmetric tensor 
B are the pull-backs of the bulk tensors to the D-brane world-volume. The L>p-brane 
tension, describing the coupling of the gauge boson on the brane to the closed string dilaton 



1 P \ I II 

in the bulk, is given by Tp = (27r)~Pa'~ 2~ 2 (see e.g. for details). We compactify type 



IIB on a six-torus T^. The latter is assumed to be a direct product of three two-tori, i.e. 
= (Kij^iT^'-'. Their corresponding metrics 

._/ {Rir RiRicosa^\ 
^ ~ [RiRicosa^ {Ri,f ) ^ > 



lead to the following complexified Kahler and complex structure moduli: 

R2 
Ri 



= V + iR^R^^ sina^' , = e^"' , j = 1, 2, 3 . (3.4) 
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Here is the value internal NS S-field, which i.g. is restricted by the projection and not a 
dynamical scalar in the theory. As discussed below, in type / the real part of the physical 
field is given by the axionic scalars that stem from reducing the RR 2-form C2 on the 
2-cycles T^'-^: = J^aj C2- However, some the following formulae take a more suggestive 
form in terms of the geometric moduli as defined above. 

The internal antisymmetric tensors IP and gauge fiux are assumed to be block- 
diagonal w.r.t. the three tori, too: 

Hence, in the j-th torus T'^'^ the total internal anti-symmetric background is 

= + 2na'F^ = _° ^. ^ , (3.6) 

with the value 

P = ¥ + 2Txa'F^ . (3.7) 
To obtain a gauge theory in four space-time dimensions, we wrap the Dp-brane {p = 

(p-3)/2 

9, 7, 5, 3) on a factorizable p — 3-cycle Cp_3, which is the product of tori Cp_3 = H T"^'^ ■ 

3=1 

Without Wilson lines and additional U{1) gauge fields the internal dimensions decouple 
from the space-time dimensions. Therefore the {p + 1) x (p + 1) matrices G, B and F 
may be split into the blocks qq, 65, Fq and g, 6, F, describing the internal compactification 
and the D = A space-time, respectively. The latter shall describe the D = A space-time, 
with 6 = 0. The matrix F is the anti-symmetric 4x4 matrix representing the space-time 
field strength of the gauge field living on the Dp-brane. To this end, after dimensional 

reduction! of (|3.1|) on the six-torus = T^'-' and reducing ( |3.2| ) on the Cp_3-cycle 



specified above we obtain [p = 3, 5, 7, 9): 

r I p-2<^io A. , 

S. = - j d'xV^g l^-y-^^R\{^^) 



(p-3)/2 

Tp (27r)P-3 e-'^i° Vdet(l + 27ra' Fg-^) JJ \n^\ ^jAel{g^ + J^J 



(3.8) 



The extra factors of (27r)^ and {2itY ^ stem from the circumference of each circle. 
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The integer counts how often the Dp-hrane is wrapped around the torus T^'-'. From 
this action we may read off the gravitational couphn^l Gn = -^pianck ^^^^ space-time 
dimensions {D = 4) 



i.e. ^4 = ■ Here we have introduced the dilaton field 4>4 in D = 4 

(^4 = (t>io-l In [lm(Ti)Im(T2)Im(T3)/a'3] . (3.10) 

Furthermore, for the various gauge couplings referring to the L>p-brane wrapped on a 
Cp_3-cycle we geti: 

(p-3)/2 
(p-3)/2 

= (27r)-^ a'^ e-^^° JJ |n^| |T| + z/^' | (3.11) 

3 , (p-3)/2 



e 



i=i 



As we will see in subsection 3.3. it is the last line of ( |3.11| ), which is most directly inferred 
from string amplitudes, i.e. disk scattering of two gauge fields and one modulus. Hence we 
call the moduli fields and IJ^ appearing above Kahler and complex structure moduli 
in the string basis, respectively. For any N=l orientifold/orbifold compactification of 
type / with D9 and L>5-branes the gauge couplings take the form ( |3.11|) up to some 
normalization constant. Without fluxes according to N=l SUSY in L> = 4 these couplings 
have to represent real parts of a holomorphic function, namely the gauge kinetic function. 
Therefore we introduce new fields s and P with their corresponding (real parts) reproducing 
the D9 and L>5-brane couplings without fluxes. These fields are called the moduli in the 
supergravity field-theory basis in contrast to and referring to the string basis. The 
real part of the dilaton field s gives the coupling of the gauge fields of the D9 brane with 
wrapping number — 1 [ p7| , p3 



Re s := g-^l = (27r)-i — ^ TIT^TI = (2^)-' ^n^Tl . (3.12) 



^ The coefficient of i? in D = 4 is defined to be ^ = (IGtt Gat) ^, with Gat being the D = 4 
Newton constant. 

^ With r| = Im(T^) , Ti = Re(T^) and = lm.{U^) , Ul = Re([/^). 
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The Kahler moduli P in the field-theory basis foUow from wrapping once {n^ = 1) the D5 
on the tori T^'^ |37|,B1: 



Ret^ :=^7^t. = (27r)-i ^T| = (27r)-ia'V2e-^^ , (j, fc, /) = (1, 2, 3) . 

(3.13) 

The imaginary parts a, of the fields s and P describe the corresponding axions following 
from the RR form couplings Cq A F A F on the D9 and C2 A F A F on the iD5-brane after 
integrating the RR forms Cq and C2 over the 6-cycle and 2-cycle T^'-', respectively: 
= jj,2j C2, a = jj,e Ce (c/. Eg. (|3.4|)). The Kahler potential for the closed string moduli 

is an 

3 3 

kIK{M,M) = - ln(s + s) -^ln(f +f) -^ln(w^+r) , (3.14) 

where = —iU^ are the complex structure moduli. 

In the following we shall concentrate on the gauge coupling of DQ-branes with non- 
vanishing fluxes F^: 

- (2rr) n ^Tf^pf • ^^-^^^ 

Recall that in this equation the real part of is given in terms of the NS background fleld 
IP , just like for the geometric Kahler modulus in heterotic compactiflcations. Obviously, 
the gauge coupling does not depend on the complex structure moduli , in accordance 
with the general arguments of . The D = 4 gauge couplings following for the D7, D5 
and il>3-branes (encoded in (p.ll|) ) may be obtained from this formula by taking the 
respective limits = V + 2na'F^ 00, 0, and multiplying the result by factors of 

(27r)^. This limit converts the Neumann boundary conditions of the coordinates of torus 
T^'-^ into Dirichlet. In the case of N=l supersymmetry in D — 4 the fluxes f^, specifled in 
( p77|) , have to obey the condition []7|j39| 



3 ^ j}j 3 j,j 



With this constraint the gauge coupling ( p. 15 ) becomes the real part of a holomorphic 



function as dictated by N=l supersymmetry |4C]: 



g^l ^ \nW\ |Re (. - a'-' f f - a'-' f f - a'-'ff t') \ . (3.17) 
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A similar discussion follows for super symmetric orientifold/orbifold compactifications 
of type IIB with D7- and DS-braneJl. 



3.2. Gauge couplings of rotated DQ-hranes (Type II A picture) 

Now we perform a T-duality in the y-directions of each torus T^'-^ . It implies that 
the type IIB moduli T-^ , are related to the type II A moduli T''', U''' as follows: 

T^=-— , U' = -— , j = 1,2,3. (3.18) 

JJI3 ' J'lJ ' ' ' \ J 

Under this duality the D — coupling constant transforms according to: 

— 3 




Note, that the D = A dilaton (/)4 stays inert under these transformations. The L>9-brane 
with the background gauge fluxes JF-' is converted into a Z)6-brane at angles 9^ w.r.t. the 
X-axis. The angle 9^ is given by [^| 



tan(7T6'^) = = :^4;7T iV + 2'Ka'F^) , (3.20) 

^ ' Im(T^) Im(TJ) ^ ^ ' ^ ' 

expressed in type IIB quantities. After the T-duality ( |3.18| ) the choice 

= — (3.21) 
leads to the corresponding type II A relation: 

tan(7r^^) = 1 H 1- = — 1- . (3.22) 

Here we introduced the shifted wrapping number 

TT/j 

=m^ ^— (3.23) 

\U'0\2 ^ ' 



In this setup we have: Re s := 17^3 = "^^^ ."^ ^ and Re t-' := (7^7 



The gauge couphng of a Z)7-brane, wrapped on the two tori T^''^ and T'^'' with the two-form fluxes 
and f becomes: g^-; j = \n^ri \ |Re(t-' - q'^^ s)|. The N=l supersymmetry condition 

demands: ^ = ■ The imaginary parts a,a^ of the fields s and describe the corresponding 

2 2 

axions following from the i?i?-form couphngs Co A F A F on the D3 and C4 A A on the 
Z)7-brane after integrating the i?i?-form C4 over the 4-cycle T^''^ x T^'^: = J C4. 

712, fe xT2.' 
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describing a tilted torus. The supersymmetry condition ( |3.16|) on the fluxes translates into 
a relation between the complex structure moduli 



j = l I j = l 2 

which after ( |3.22[ ) becomes a condition on the angles 6^ 0: 

+ 9'^ + 9'^ = Q mod 2 . 



(3.24) 



(3.25) 



Apparently, the duality action ( |3.18| ) converts ( |3.15D into: 



9dg 



{2n) 



n 



W — m 



Im(t/'^) 



(3.26) 



Evidently, the gauge coupling, being proportial to the volume of the relevant 3-cycle, does 
not depend on the II A Kahler moduh T'^ . This expression may be directly derived from 
dimensional reducing the Born-Infeld action (^]^) of a L>6-brane on a 3-cycle, which is 
a direct product of three 1-cycles €{ , j = 1, 2, 3. Each of this 1-cycle has the wrapping 
numbers {n^ , m^) w.r.t. the homology basis of the torus T^'-^ . 

The real parts of the type IIB field theoretical moduli fields s and P become after 
the T-duality transformations ( p.l8| ) and (|3.19| ) 



Re s' = (27r)-^ e" 



■4'4 



\U'^U'^U'^\ 



Re u 



{2n) 



u 



, (3.27) 



-</>4 



and Re u 
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-4>4 



U2U2 



which respectively boil down to Re s' — -jtt-x , , ^ "^^^ x,.v. u. — -tft^ 

for rectangular tori a'"' =11/2. With the additional constraint ( p.24| ) the gauge coupling 
( p.26|) becomes the real part of a holomorphic function: 



-2 
9d& 



Re {n^n'^rt' s' 



1 ^ 2 ~ s /I 
n m m u 



n m m u 



•S ~ 1 ~ 2 / 3 

n m m u 



(3.28) 



3.3. Scattering of two gauge fields and one modulus from D-branes with fluxes 

In this section we want to check the formulae ( |3.15|) and ( p.26 ) by performing an 
explicit string calculation. Let us start on the type IIB or type / side with a stack of 
-D9-branes describing the generic gauge group Ga- We allow for non-vanishing fluxes 
= V + 2na'F^ w.r.t. the internal torus dimensions on which the D9 is wrapped. As 
already mentioned before, we may obtain lower dimensional branes by taking the special 
limit JF-? ^ c)0 in some planes j. To gain the full moduli dependence of the tree-level gauge 
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couplings, we calculate the disk amplitudes Vyj ) and {A°'A°'Vijj ) involving two gauge 

fields on the boundary and one closed string modulus and , respectively. The 
latter refer to the j-th subtorus T^'-^. In the zero ghost picture the gauge field vertex 
operator is 

k) = A" [dX^ + i {kij) V^^] e''^''^'^^) . (3.29) 

Here A" is a Chan-Paton factor in the adjoint of the gauge group Ga, describing the 
fundamental gauge degrees of freedom at the open string ends. In addition, the polarization 
has to fulfill ^p,k^ = 0. Furthermore the and vertex operators in the (—1, — 1) 
ghost picture are given by 



1 , e"''^*^^'' e"''^^^^ "^^{z) "if^z) e*''"^"^^'^) 

(3.30) 



rpj _ rpJ 

1 —7^^^^ d 



vi-''-'\z,z,k) = - e-^(^) e-'^(^) ^ {g'+b^ki i^Hz) ^\z) e^^^'^^^) 



1 . Q-'I'i'') e"''^^^) ^^{z) ^^{z) e^'^p^"^^'''^ 



with the backgrounds^ and V defined in ( |3.3| ). More precisely the vertex operator for 
the imaginary part T| of T is given by = i{VT — 1^), which amounts to symmetrizing 
the vertex operator Vr w.r.t. to the left- and right-movers. The RR vertex operator for 
the real part of T can be obtained from space-time supersymmetry. In the following we 
compute the amplitudes for the imaginary part T2 by using the above operator Vr and its 
conjugate and summing the two amplitudes at the end of the computation. 

Above we have also introduced the complex bosonic and fermionic fields {j = 1, 2, 3): 



z' = j^{x^^-' + wx^n , z^ = J^{x^^-'+Ti'x^n. 

^ _^ (3.31) 



= V ^ + ^'^''^ , vp^ = ^^(^2^--i + t7V^-). 

In this writing, the Green's functions ( p.l|) for the internal bosonic fields dZ and fermions 
\1/ take the simple form: 

(dZ^izi) dZ\z2)) = - ^ , {dZ^iz,) dZ^{z2)) = 

(3.32) 

(vp^^i) F(^2)) = , (^^(^1) '^'{Z2)) = . 

Zl — Zi 



^ Note, that for simplicity we assume a compactification on a six-torus with the latter 
being a direct product of three single two-tori T'^'K 
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Moreover, the Green's functions (2^) assume a very compact form, too. First, the D 
matrix, introduced in (|2.11J ), takes for the metric and the antisymmetric background 
P = V + 27ra'FJ (c/. (O)) the formi: 



■ X 



U{2P - +T^Y + U\2f^ + - -2 [4 {f^f + {T^ - Tf] 



With this matrix, we obtaini for ( p.2|) : 



(3.33) 



(3.34) 



[zi - Z2y 

(^'^■(^l)f'(^2)) = — ^ , (^'^■(^l) $^(^2))=0, 
Zl — Z2 

with: 

= ^i^ll±iZ = ^-'/^ . (3.35) 
Ti _ _ 2 /J 7| + « 

Obviously, we have D'' = 1, and 

^ r 1 , pure Neumann , f3 36) 

[ — 1 , pure Dirichlet , 

for boundary conditions of the same sort in both directions of the T"^'^ . These two cases are 
simply obtained from (|3.35| ) in the limit — > and — oo, respectively. Due to internal 
U{1) charge conservation, correlators involving fields from different planes j vanish for our 
choice of background, the six-torus being a direct product of three single two-tori T^'-^ . 
First we shall calculate the amplitude: 

^A'^iA^.T. = ^ / ^^^^ (VfliziM) Vi%{z2.k2) vi.-'^-'\zs,zs,q)) . (3.37) 

We have chosen the modulus vertex operator ( p.30|) in the (—1,-1) ghost picture in order 
to guarantee a total ghost charge of —2 on the disk. This requirement is a consequence 



Note, that in two uncompactified directions, the matrix D takes the familiar form: D'^'' 

' , which is orthogonal DD^ = 1. However, we take -D^" = 5^'^ in the four 



i+p y 2f 1-/2 

uncompactified directions. 

9 Note: {dZ\z,) dZ^ [z^)) = -j;^, (BZ^izi) dZ^z^)) = 'ij^, and: 

(zi) ^^{Z2)) = -Br. > (^^(^i) ^'(^2)) = , (¥'(^i) ^^>2)) = =^ . 
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of the super diffeomorphism invariance on the string world sheet. We extract from ( |3.37| ) 
the kinematics k = ^[{piP2){Ci^2) — (pi^2)(P2^i)] foUowing from the gauge kinetic term 
|F^j!,-F"2''^'^ in four space-time dimensions. Here Vckg is the volume of the conformal 
Killing group PSL{2,IV), which leaves the boundary (Im(2;) = 0) of the disk fixed. The 
correlators appearing in ( p.37|) are of the form described in section 2. According to Eq. 
i WM , the closed string momentum q is split into = ^{q + Dq) = ^{ks + /C4). The 
contraction of the exponentials in (|3.37| ) yields 



g ._ (^^ikiX{zi) ^ik2X{z2) ^ik'iX{z2,) ^ik4,X{z3)\^ 



\zi 


-^2r 






w 


- ^al 


w 




w 




1^3 


- ^sl 



(3.38) 



The last expression is subject to the momentum constraints ( |2.7| ) and ( |2.1C1|) . Due to 
PSL{2, R) invariance on the disk, we may fix three vertex positions. A convenient choice 
for the kind of setup we are considering (c/. [^) iS: 

zi = X , Z2 = —X , zs = i , 23 = — z . (3.40) 

This choice implies the c-ghost contribution: 

{C{Z2) C{zs) C{Z3)) = {z2~Z3)iz2~Z3){z3~Z3)=2i (1 + X^) . (3.41) 

After including this correlator, we obtain: 

D' , i r , (a;2 + l)2t+i 



+ 



{X + Z)2*+I(x - Z)2*-1 
2t+l 



(fc36)(fc46) / dx + " (3-42) 

Jo X 



POO 

-{kdi){hC2) / dx 
Jo 



(x + z)^* ^{x 



The relevant integrals may be performed with the more general formula 



/(5, a) = j dx x^-^ {x - z)"-"^ {x + i)-"-^ 

(3.43) 

r(l) r(i + |) 



r(^ + |-f)r(i + | + f) 



With this choice the correlator ( |3.38| ) becomes 



£={^]'\ (3.39) 
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which wiU be relevant in the foUowing. To this end, we arrive at: 



1 r(-2t) 



Aa'^iA'^2T^ = 7 { t (^16) + [ (/C3ei)(/C46) + (/c4l)(/^36) ] } t 



D 



■J 



2Ti 



r(i -t)2 ■ 

(3.44) 

Due to t r(i~^t)'2 ~ ^(^^)' second order in the momenta we obtain from (|3.44| ) the 

gauge kinematics k of two gauge bosons. 

To compare with the field theory, the gauge field vertices have to be rescaled as 

Va°-- This manipulation makes sure, that the string amplitude ( |3.37[ ), calculated 

with the gauge vertices in the string basis ( p.29|) , describes a field theoretical quantity. 

The leading term of the L/R symmetrized amplitude can then be equated with the 

derivative 



1 + D'' 2 2 

-^71-1^-2 T| = i{-^A''iA°-2Ti - '^A-iA''2T') = ^7 7fj 9a = ^^^T^ 9a ■ (3.45) 

J- o 



On the other hand, the amplitudes ^a"iA"2(7j and A^^^^^^^jjj give a vanishing result 
due to internal charge conservation. A result essentially following from the correlator 
(\E'-^ (zi) \E''^ (z2)) = in (|3.34| ). This yields the additional differential equations: 

du. g-^ = , g-^ = , J = 1, 2, 3 . (3.46) 

The equations ( |3.45| ) and ( p.46|) have the solution: 



3 X (T-'Y + i f^Y 
g-^ = const, e-^- J] r- " ^^'^^^ 



We included the dilaton factor arising in the path integral of any string scattering on the 
disk. The latter has Euler number x = 1. This dilaton dependence may be explicitly 
checked by calculating a scattering of two gauge fields and the dilaton field (p^ on the disk 
(c/. Appendix B). 

Alternatively working instead with the moduli (|3.30| ) in the real basis we obtain the 
differential equation: 

d,.g-^ = \Tri^^^ig^+l^)Dj g-^ 

= \'^r^-£;j{g' + J^)[Hg')-' + ng'+^')-'?j ga' , j = i,2,3, 

(3.48) 



17 



which may be cast into: 

d^j \ng-^ = J dj., In I det [l + {b^ + 2Txa' F^){g^)-^] x/ckt^ | . (3.49) 



from which one concludes: 



g-'^ = const. e~^* (det g)'^/^ ^ det{g + h + 2Txa'F) , (3.50) 



in precise agreement with (|3.11D for p = 9. It is quite remarkable, that our disk calculation 



( p.37| ), which involves both open and closed string states and which borrows quantities 
( p.ll|) from non-commutative field theory, precisely reproduces the coupling (|3.15| ) follow- 
ing from the Born-Infeld action 



3.4- Scattering of two gauge fields and one modulus from D-branes at angles 

Our findings (|3.45| ) and (|3.46|) , describing the moduli dependence of gauge couplings 
of L>9-branes with fiuxes , directly translate into the the T-dual picture ( |3.18D of D6- 
branes at angles 9^ {of. ( |3.21| )): 

-2 1 fn' - U" \ _2 

OTTij (7 = — T + c.c. gr„ , 

" 4t/;^ I - mJ U'' I (3.51) 



drn 9-^=0 , (7-2 = , i = l,2,3. 

These differential equations just follow from (|3.45| ) and (|3.46| ) after performing the duality 
transformation (|3.18| ). They integrate to ( |3.26| ). 

On the other hand, an explicit calculation of the string disk amplitudes {A°-A"-U2) 
and {A"-A°-T2) involving the dual moduli fields T'-' and U''' should also yield the above 
equations. In the following we give a derivation of the CFT correlators for branes at 
angles. It will become obvious that the II A computation indeed yields ( |3.51| ). In addition 
the discussion leads to a simple interpretation of the D matrices in the / 7^ correlators 
in ( |3.34|) , that have been obtained above by transforming the correlators of []32|j3^ to the 
complex basis. 

The moduli on a single torus with radii Ri are defined in ( |3.4| ). In the following 
we drop the primes on the IIA moduli for simplicity. Let Y°- denote the two bosons 
corresponding to the lattice basis, Y"" ~ Y"' + 1. They have the correlation functions 

2 ^ab 1 f\U\^ -Ul 



{Y-{z)Y\w)) = -g'^'\n\z-w\\ g - ^^^^ ^ ^ 
The complex coordinates on T defined in ( |3.31| ) 



^'■{Y^ + UY'), 



2U, 
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have correlators {Z{^z)Z{yS)) = — In 1^ — wp. The coordinates Z are related to any orthog- 
onal basis X" by 

Z = ^{X^^^X\ (3.52) 

where b = e*" is a yet arbitrary phase factor. 

On the double cover of the disc, the interactions between left- and right-movers at 
the boundary are given by {dX°-{z)dX°-i(iu)) = D'^{dX"-{z)dX"-{w)), where -D" = ±1 in 
the and D directions, respectively. We may fix the coordinates such that X'^ is the D 
direction, so the L>l-string wraps along X'^. The non- vanishing correlators are then: 



1 



{dz{z) dz{w)) = {dz{z) dz{w)) = -- — — ^, (3.53) 



and their complex conjugates. Note the non-vanishing correlator of two holomorphic co- 
ordinates on the torus, induced by the Dirichlet boundary. 

We see that in the complex basis, the effect of the mixed boundary conditions on 
the CFT computation is quite trivial when using holomorphic fields dZ on the double. 
The computation essentially reduces to the pure Neumann case after the replacement 
dZ(w) dZ{w), up to a simple product of phase factors 5, collected from the vertex 
operators. By supersymmetry, a similar comment applies to the correlators of the fermionic 
superpartners 

The angle of the Dl-brane in the lattice basis can be identified by rewriting the X"" 
in terms of the Y"-. A string wrapping the class nei + me2 of the lattice corresponds to the 
ratio F = m/n of the coefficients of Y'^ and Y^ in X^, respectively. In this way one recovers 
the definitions tan(a) = with / = F~Ui. Since the above describes the correlators for a 
I?l-brane wrapped on T^, or, in the dual language, correlators in the presence of non-zero 
Bns fields, Eq. ( 3.53 ) must be simply the non-commutative correlators of |32,33|, written 



in the natural complex basis on the torus. This fact is verified by ( p.34|) , using D = and 
noting that the T-duality transformation X'^ ~-^r implies the replacement dZ by dZ 
when going from II A to I IB. With these replacements, the IIB vertex operators Vr/u 
and their amplitudes immediately translate to the T-dual II A vertex operators Vu' /t' and 
their amplitudes, and eventually lead to the T-dual equations ( p.51| ). In the following we 
will sometimes use this simple direct relation between II A and IIB amplitudes to switch 
between the two T-dual descriptions. 
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4. Untwisted matter metric 

In this section, we consider tree-level disk scattering amplitudes involving matter 
fields inserted at the boundary of the disk and the bulk moduli fields. We shall determine 
the metric 77 for untwisted charged matter fields Ci and Cfc. In order to obtain a chiral 
N=l theory in D = 4 type IIB or type / , the T^-torus is modded out by some orbifold 
group. The details of the latter are not relevant for untwisted matter fields originating from 
the untwisted sector. Generically in type IIB or type / there appear untwisted charged 
matter fields Cf , i = 1,2,3 from open strings starting and ending on D9-branes. They 
are charged under the gauge group resulting from the DO-branes. Similarly, open strings 
starting and ending on the same L>5j-brane give rise to the matter fields C-\ i, j = 1,2,3. 
Here the index j denotes the torus T^'-', on which the D5 is wrapped. The open strings 
are only charged w.r.t. the gauge group from the D5j. 

Before we start let us add the following comment: in the heterotic string the corre- 
sponding 3-point amplitudes on the sphere between two matter fields and one modulus 
vanish due to internal charge conservation. Therefore in the heterotic string one has to 
compute 4-point amplitudes between two matter fields and two moduli in order to extract 
non-trivial informations about the heterotic matter field Kahler metrics. This situation 
now changes in type // models with closed and open string fields. Specifically, as we will 
now see, some 3-point amplitudes between two open string matter fields and one closed 
string modulus are allowed by internal charge conservation. This essentially stems from 
the fact that the closed string vertex operator can be treated as two open string vertex 
operators, i.e. one is basically computing a 4-point amplitude. However one has to be 
quite careful, since there can be in general additional moduli dependences for the matter 
field Kahler metrics that are not captured by the 3-point amplitudes. To obtain these 
further informations we will also calculate 4-point amplitudes with two moduli and two 
matter fields. 

4.1. Three-point amplitudes 

As in the case of the gauge couplings we first work on the type IIB side, where we 
compute the scattering of two matter fields Ci,Ck and the closed string modulus The 
open string cr-model action has the boundary term j dz Ai dX^, which may be written in 
complex coordinates ( |3.31| ) as 

6 3 /2 r _ —■^ 

y A, dX' = V — C, dZ^ - C, dZ' , (4.1) 
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with Ci = A2i-i + , z = 1, 2, 3. From this term the vertex operator for untwisted 

matter fields Ci in the zero ghost picture may be read ofi0: 

V^^{z,k) = \ [dZ' + i{ki))¥] e^'^-^^'^W . (4.2) 

The latter is inserted at the boundary of the disk. This vertex operator involves untwisted 
fields from the internal torus directions inserted at the boundary. 

We must not consider couplings of matter fields Ci and Ck referring to different 
internal complex planes i and k. Due to internal charge conservation those couplings must 
vanish at second order in the matter fields: 



Gc.c.=^ ' i^k. (4.3) 



This can be easily anticipated from the form of the vertex operator ( [4.2| ). Hence we shall 
consider the following three-point amplitude^ 



i / ^^^f^ ('^^"'(-..^■i) V^'^z^M) l4r''-"(^3,.3,<,)) , (4.4) 



with the closed string vertex operator (|3.30| ) in the (—1,-1) ghost picture. The derivative 
w.r.t. the physical scalar Im(T) is given by the sum of ( [4.4|) and the same amplitude with 
T replaced by T. 

There are two contributions to the correlator ( [4.4|) : one, denoted by Xi, from contract- 
ing the first term of both matter field vertices ( [4.2| ) and the other, X2, from contracting 
the second terms of both matter vertices with Vtj ■ The correlators to be done are basic 
and are given in (|2.1| ) and ( |2.2|) . To this end we obtain 



D'' f dzidz2(P Z3 —1 



Xi = — — -s 



T3 -T^ J VcKG (^3 - 23)^ (zi - Z2) 



2 



f dzidz2(fzz ^ 1 kik2 ( 1 5*-^ 



X2 = . — , ^- — r + 



TJ-T^J VcKG Z3 - Z3 Zi - Z2 \{zi - Z2){Z3 - Zs) (zi - Zs){z2 - Z3) 

(4.5) 



We discard the normalization — , ^ — — , ,„ , in order for the string vertex to yield canon- 

ical normalized kinetic energy in the string basis. 

Compared to ( 3.37| ) we disregarded a factor of |, which takes into account the factor \pl in 
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with the requirement s = —2t. As in subsection 2.3, we fix three vertex positions according 
to ( 3.40 ) and introduce the correlator ( 3.41 ) to arrive at 



Xi = 2"^-^* /(-l-2t,0) — — — = 2-^^-^ ^ 2 ^ 



TV 



X2 = -2- 

n 



-l-4t 



^ /(-I -2t,0) -5^^' /(-2t,l) 



(4.6) 



-2-2t rf-i-t) D^' 



with the integral I{S, a) introduced in ( |3.43| ). Hence the final result for the amplitude 



is: 

For low momenta t = —2pip2, the result agrees with the D-brane effective action for the 
scalar matter fields coupling to the closed string modulus . Therefore, the first term of 
the expansion 



Mc.T. = iPiP2) 2'^^') + 0{t') (4.8) 

describes the derivative of the metric G^j -^ for the scalar matter fields Ci and C^. Up to 
a minus sign we obtain the same result for amplitude with an insertion of the conjugate 
vertex operator for T'', leading to the differential equation 



2 



We have changed the normalization of the matter field vertex operator (|4.2|) . The latter 



refers to the string basis and leads to canonically normalized matter metrics G^ -^ ~ 1. 

In order that our string amplitude reproduces a field-theory result, we have to normalize 

1/2 

it properly. This requires the redefinition: Vc-. — > G' — Vd ■ 

For convenience, we shall discuss first the solution with the total internal gauge flux 
jj = jrj turned off, i.e. V = —2nF^. According to (|3.20| ), this means, that in the case 
of vanishing fluxes, on the dual type IIA side, the L>6-branes become parallel 9^ = 0. 
From Eq. ( |3.36| ), in the case without fluxes ^0, the mixing parameter becomes ±1, 
depending on the boundary conditions of the open string w.r.t. the plane j. In that case 
the system ( ^TOl ) simplifles. 
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Let us first consider the matter fields Cf from tfie Z)9-brane witliout fluxes. In that 
case, all open string coordinates obey Neumann boundary conditions. Therefore we have 
= +1 and find: 



(z, A;, /) = (!, 2, 3) . 



(4.10) 



Now let us move on to the charged matter fields Cf'^ arising from a DS-brane, which is 
wrapped around the torus T^''^. All open string coordinates orthogonal to the DS-brane 
obey Dirichlet boundary conditions, i.e. = —1 w.r.t. the two transverse tori T^'-'. On 
the other hand, we have D'^ = +1 w.r.t. T^''^. To be more concrete, let us discuss the case 
k = 1, i.e. the L>5-brane is wrapped around the torus T^'^. In that case, the equations 
are solved by: 



G 5,1^5,1 



a 



/1/2 



-T^)(T2-T^)(T3-T^) 



1 



X < 



a'-3/2 
a'-3/2 



(Ti-r^)(T2-r^) 



T3-T 



(4.11) 



(Ti-r^)(T3-r^) 



3 . 



The other cases /c = 2, 3 may be obtained from (|4.11|) by permutation of the planes. So 
far, we have written our metrics in terms of the string moduli introduced in ( |3.4| ) to which 
the string vertex operators ( |3.3C1| ) refer. To obtain the metrics ( [1.1(J| ) and ( [4. 11] ) in the field 
theory basis, we only have to replace the T-' -moduli through the field theory moduli s and 
P , introduced in ( |3.12| ) and ( |3.13| ). This leads to 



Ka 



G^5, 1^5,1 ~ < 



S + S ' 
. -2 



73" ' 



^ 5 



1 , 

2 , 

3 . 



(4.12) 



In the following we allow for non-vanishing fluxes on the L>9-brane. With the 
same arguments as in the case of gauge couplings, we shall stick to the 1^9-case only. 
The relevant calculation has been already performed in the previous subsection. We only 
have to take into account the flux dependence of -D-^ , given in ( p.35| ) and integrate the 
differential equations (^?9|). The solution is: 



Gr<n= const, e 



\T^ + if'^\ 


\Ti+if'\ 









(4.13) 
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for {i,k,l) = (1,2,3). It is evident, that this expression boils down to ( |4.10|) in the case 
of vanishing fluxes = V = 0. In the case of N=l supersymmetry, we may 

borrow Eq. ( |3.16|) to cast ( [1.13|) into 



1 - /'■/' 



_ 



(z,A;,/) = (1,2,3) , (4.14) 



where = /V^2- This should be compared with ( ^l.lOp . Finally, written in terms of the 
field-theory moduli s and P , we obtain: 



1 - f^f 



1 



, (z,A;,0 = (1,2,3) . 



(4.15) 



Note, that /* is a dimensionless quantity. Through ( p.l8|) the metric ([4.15| ) translates to 
the type II A side with intersecting branes into: 



where now = tan(7r^*). 



1 



(z,/c,/) = (l,2,3) 



(4.16) 



4-2. Four-point amplitudes 

By internal charge conservation, the type IIB three-point function with two matter 
fields and one U modulus vanishes and we instead proceed by factorizing a four-point 
function. The relation between the a' limit of the string four-point function and 
the supersymmetric effective theory has been studied in for the heterotic string. 

Although some details are different on the type / string side, the computation on the field 
theory side is the same and we refer to the clear exposition in for details. 

The a' — s> limit of the string correlation function A = {C^M^M^C ) with two 
matter fields C and two moduli fields M is 



ts 

where R is the Riemann curvature of the Kahler manifold 



+ Apot + O{k' 



(4.17) 



K 



C^M^M C 



M Cf 



and the kinematic invariants are defined in (|2.9| ) . The ki are the momenta of the external 



fields in A, and G^-^ = K^-^ = Oc&qK, with K the Kahler potential. The first term in 
Eq. ( fl.lTp is due to graviton exchange, the second term from the sigma model couplings 
arising from the Kahler potential K and the term Apot denotes couplings due to the scalar 
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potential from F- and D-terms. The first two terms in ( f4.17| ) can be used to determine 
tlie moduli dependence of the Kahler potential for the matter fields by integration. 

For the present case of a compactification on the factorized tori T^'*, there are some 
significant simplifications. The metric for the untwisted moduli fields is diagonal, G -jjt = 
5"^(M" + M )~^. For M a complex structure modulus, M = u'^, the contribution Apot 
vanishes and moreover the u dependence of the the matter metric factorizes 

G^^^.=SatGallK{u'). (4.18) 

i 

Here G contains the dependence on all other moduli but the m*. For quadratic Kahler 
potential the metric can be always diagonalized as above and we will sometimes suppress 
the index a for simplicity. For further convenience we note, that for a simple dependence 
H{u) = {u + u)~'^, the ratio of the coefficients of the graviton and the sigma model channels 
in ( [4.171) is the exponent q. 

The U moduli dependence of the matter metric may be extracted from the 4-point 
function A = (Vc^VumVur^V-^b) , 

where J{xi) is the Jacobian for fixing of the P5'L(2, R) symmetry. 

The only non-trivial point is the evaluation of the integrals over three real positions. 
We proceed by choosing a singular gauge choice for PSL{2, R), where all bulk coordinates 
are proportional to a scale factor w E Xi = w yi, i = 2,..., 5. The Jacobian for the 
coordinate transformation is singular at = 0, oo and the integrals need to be regularized 
by cutting small discs around these values. The w-integral will eventually decouple. A 
particularly convenient choice is 

xi = oo, X2=wy, xs = wy, X4 = w, X5 = w, xq — 0. (4.19) 

At If = 0, 00 the bulk operators collide with a boundary operator. Note that the bulk 
operators have no singularity as they approach a generic point on the boundary and in 
fact the special choice ([4.1 9|) places the second bulk operator at the boundary. 



It is now straightforward to evaluate the integrand, and we find 



^ - 1^ ld'y\l-yr'\y\' 

u 



2 ri (1 - u/2) - -r2 u (^^ H ^ 

^ y y 



(4.20) 
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where ri = Sab ^mn and r2 = ri 5am- Note that the ly-integral decouples, as promised. The 
y integral has the standard representation in terms of Gamma functions 

.2., ..a^a'n _ _ r(l + a)r(l + h) r(-l - a' - 6') 



r(2 + a + 6) r(-a')r(-6') ' 

(provided a — a' G Z, h — h' G Z) and leads to the small momentum expansion quoted 
above. 

As noted below ( [4.18| ) the relative coefficient of the two terms at 0{k'^) determine the 
u dependence of G^ac"- to be 

= K + m")-^ (4.21) 

i 

Let us summarize at this point all the above results in terms of the Kahler potential 
for the untwisted type IIB moduli and to second order in the matter fields: 



K = - ln(s + s) - ^ ln(f + t') - ^ \rv{u' + u') 



1=1 i=l 



+ y . iiiiimmm (4.22) 

3 |^5,i|2 3 , |^5,A;|2 



Here we have introduced the tensor dijk which is 1 for {i,j,k) a permutation of (1,2,3) 



and otherwise. Note that (|4.22|) is written in the Einstein frame, which accounts for 
an extra factor e^'^"' in the metric. In the case of fixed complex structure and zero fluxes 
/, the above Kahler potential agrees with the results of [Q, obtained there by T-duality 
arguments. 

5. Twisted matter metric 

5.1. Twist fields and twist field correlators 

In the following we will work in type II A. Here, in intersecting brane world models, 
the chiral matter comes from open strings stretched between two intersecting branes. Hence 
these open strings obey mixed boundary conditions M: 



Re d^Z^ ^ , ImZ^ =0 



Re e'' d^Z^ 



, Ime^'^Z^ 
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with 9^ being the relative angle of the two branes w.r.t. the j-th internal torus T^'-^. 
These boundary conditions produce cuts ~ z~^^ in the map z Z^{z) from the disk to 
the target space. In the vertex operator for the corresponding scalar matter field Cq, these 
cuts are introduced^ on the disk by the twist fields agj [z). The world sheet supercurrent 
on the boundary {z = z) of a disk is given by: 

TFiz,z) = ^ [TF{z)+fF{z)] , 

3 

Tf{z) = dX^{z)r{z) + J2 dZ\z)<f^iz) + dZ\z)W{z) , ^^^^^ 

i=l 
3 

Tf{z) =dX^{z)^^'{z)+Y^ 'dZ\z)^\z) + dZ\z)W{z) . 

i=l 

The latter is only invariant under the twist if the internal fermions which may be 

bosonized according to {z) = e'^^^^^\ ^^{'z) = e^^^ are twisted as well. This is accom- 
plished by the fermionic twist fields s±Qj{z), which are bosonized s±Qj{z) = e.'^'^i^-^^)^^ i^) _ 
Here, the fields H^{z) correspond to the internal bosonized world-sheet fermion (j = 
1,2,3). 

Generically two intersecting stacks a and h (of and M D6 branes, respectively) 
establish0 the gauge group U{N) x U{M). The massless (twisted) i?-sector of open 
strings stretched between these two stacks a and h intersecting at an angle 6 gives rise to 
massless chiral fermions in the bifundamental (A^, M) of U{N) x U{M). In the case of N=l 
supersymmetry these fermions build chiral N=l multiplets whose scalars (scalar matter 
fields Ce, Cg) stem from the open strings in the (twisted) A^5'-sector. Hence these chiral 
multiplets sit at the intersection of the two stacks a and b and their vertex operators have 
to be inserted at the boundary of any string world sheet diagram. The vertex operator for 
an N=l matter field Cg inserted at the boundary z = z of the disk is (c/. e.g. 0) 

3 

V^-'\z,k) = A e-^(^) l[se.{z) (z) e^'=^^''W (5.3) 

i=i 

in the —1 ghost picture. Here, the twist fields sgj , agj depend on the angles 9 = (6*^, 6*^, 9^) 
between the two intersecting branes describing the details of the chiral matter under con- 
sideration. The bosonic twist fields agj are responsible for twisting the NS ground state, 
while the twisted spin fields sgj are required by supersymmetry (see the argument after 



This is notorious from heterotic orbifold compactifications |42|. 

In the case, when both stacks do not sit on top of the orientifold planes. Otherwise, if one 
stack is placed at an orientifold plane the gauge group is S0{2N) or USp{N). 
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Eq. ( ^.21) ) . The Chan-Paton factor A describes the gauge degrees of freedom at both string 
ends. Similarly, for the conjugate matter field Ce, originating from the same open string, 
but with different orientation, we have: 



(5.4) 



The techniques of correlation functions with twist field operators a^j on the sphere 
have been pioneered in P^ , ^ and generalized in P^-|17[]. These results may be borrowed 
to also determine twist field correlation functions on the disk ||4^,^. Correlators with 
twist fields located on the boundary 2; = ^ of a disk are essentially obtainedlH from the 
corresponding results on the sphere by "taking the square root" . This procedure leads to 
the following basic correlators on the disk (for one complex twisted dimension): 



Isae^zx) a_e(z2)) = (^1 - Z2) 
(.,(zi)._,(z2)) = (^i-^2)-^'-')' . 



(5.5) 



The fields ae{z) and se{z) have conformal dimensions /lo-^ = |^(1 — ^) and hg^ = 
^(1 — ^)^, respectively. With this information it is easy to realize that the vertex op- 
erator V(l^^^(z, /c) has conformal weight /i = 1, provided one uses the supersymmetry 
relation in the form Yli^^ ~ 2- The twist fields generate branchings on the complex fields 
9Z(z), 9Z(z), \l/(2), \E'(z), introduced in ( |3.31|) . The local behavior of those fields in the 
presence of twist fields is given by the operator products ||4^ , |50 | 



dZ^iz) ae^iw) = {z-wf-^Tgj{w) + ...,dZ^{z) a_e,{w) = {z - w)-'' T_ei{w) + . . . , 
dZ\z) agj{w) = {z- w)-^'Te,{w) + . . . , dz' [z) a_ej{w) = [z - wY'-^T_e,{w) + . . . 



0^: 



dZ^iz) agj{w) = -{z-wf-^Tej{w) + ..., dZ^{z) a_e,{w) = -{z - w)-'' T_e,{w) + . . . 



dZ'iz) ae,{w) = -{z-w)-^'Te,{w) + ...,dZ'{z) a_0,{w) = -{z - wY' -'T_e^{w) + . . . . 

(5.6) 

Obviously, the OPEs involving negative angles 9^ are obtained from the ones with positive 
angles 9^ after performing the replacement 9^ ^ 1 — 9^ . In addition, we have: 



^^(z) s,,{w) = {z-w)'-'' te.{z) + ... , 
^^(z) s_0,iw) = {z- wf-' t_e.iz) +... 



(5.7) 



^\z) se.{w) = {z-wf-' te.{z) + ... . 



This is not true for scattering processes involving both fields from the boundary and closed 
strings from the bulk. 
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After applying the picture changing operator P{w,w) = e^^'^^Tpiw) + e^^'^^Tpiw), we 
obtain the matter field vertex in the zero ghost picture: 



1=1 



n 



j = i 

3^1 



(5.8) 

Here, r^j {z) are excited bosonic twist fields of conformal dimension h^-g = ^{1 — 6){2 + 6). 
On the other hand, the excited fermionic twist fields tQj{z), which may be bosonized 
according to t^Qj{z) = e^'^^^^^i^)^ have conformal dimension htg = With this in- 



formation, the operator (|5.8|) has conformal weight h = 1 after imposing the condition 
( ^■25| ) . In the supersymmetric case, the matter field vertex operator represents a marginal 
deformation of the underlying N=2 superconformal field theory. This is why it has to 
carry conformal weight h = I'm. that case and the matter field is a massless scalar. In fact, 
in the supersymmetric case, the scalar matter field vertex Vq^ is the highest component 
of an N=2 superconformal multiplet, whose fermionic component is represented by the 
fermionic vertex operator. 

From the local behavior of the twist fields, given in ( |5.6| ), we may derive the following 
correlators, which we shall need later: 



{dZ\z) dZ\w) a,.(xi) a_e.(x2)) 



(xi -X2)-^'(^-^') {w-xif-^ {Z-X2) 



9^-1 



{z — w)'^ {w — X2Y^ {z — XiY^ 

X [{z - X2){w - xi) + 9^{z - w){xi - X2)] , 



{dZ^{z) dZ\w) (Jgj{x{) (J_eo{x2)) = -D^ 



{dZ\z)dZ^{w)ae3{x,)a.s.{x2)) = -D^ ^_ _ ^^2 _ ^^y. _ ^^y. 

X [{w — xi){z — X2) + 9^ {z — w){xi — X2)] ■ 

(5.9) 

The contraction of internal fermionic fields with spin fields referring to the same complex 
plane becomes on the disk: 



{z — w)"^ {z — X2y {w — XiY^ 

X [{w - X2){z - xi) + 6\w - z){xi - X2)] , 

(Xi-X2)-^'(1-^') {W-X^Y'-^ {Z-X2f-^ 



(^rJ(^) i^j(^w) Se^ixi) S_gj{x2)) = - 



i^^z) ^'^■(m;) se,{xi) s_eAx2)) 



z — w 



z — w 



[Xi - X2 



[Xi - X2 



{z - xi){w - X2) 

_{z- X2){w - Xi)_ 

{Z-X2) {w - Xi) 
(z-xi) {w - X2) 



-\ 1- 



(5.10) 
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Finally, the two-point correlators of excited twist on the disk fields may be obtained 
by taking the square root of the closed string results (c/. also |]50|] ): 

{re{z^)r-e{z2))=e{z^-Z2)-''^^-'^ , 

(5.11) 

{te{zi)t-e{z2)) = {zi-Z2)-'^ . 



On the other hand, these correlators may be also derived from Eqs. (5^) and (|5.9| ) 



5.2. String computation of moduli dependence 

Let us now calculate the string S'-matrix0 with 

72, 



on the disk to extract the information on the metric G^^-^^ of the two matter fields Cq^Cq. 
The two matter field vertices ( ^T3|) and ( ^.41) are inserted at the boundary of the disk, i.e. 

Zl = Zi, Z2 = Z2. 



The correlation functions such as (|5.9| ) are in fact the standard correlators for the 



Neumann boundary conditions and not the right ones for doing the computation for branes 
at angles. However we know already from the discussion in section 3.4. that there is a 
simple way to adapt to this case: it suffices to complex conjugate the right-moving fields. 
Thus we write the closed string vertex operator for the complex structure modulus as 

V"/°'°Hz, 2, A;) = \dZ^ ■^i{k^)¥^{z)\ \dZ' +i{kil})W{z)\ g^'J.^'^C^,^)^ (5.13) 

and subsequently use the correlators above. To compute the correlation function of the 
physical scalar we will again consider the sum of the above amplitude and the one with 
the U operator replaced by the complex conjugate at the end. 

There are two non-vanishing contributions to the amplitude ( ^.12| ). They arise from 



the contraction of the matter vertices with either both bosons or both fermions of the 
[/•'-vertex operator. We shall denote these two possibilities by Xi and X2, respectively. 
With the vertex operator ( |5.13| ) , the relevant correlators accounting for the internal sector 
are given in (|5.9| )and (|5.1C1| ). The correlator for the exponentials is given by the correlator 
£ introduced in ( |3.38| ). The contractions of the space-time fields are basic and given in 
(pTl|). After putting all contributions together and using the supersymmetry condition 
( p.25| ), the amplitude ( p.l2| ) becomes 



^c.c.u. = i / S (^i - ^2)-^ (=3 - .3)-^ (X,-2t X,) , (5.14) 



C,C,VI J7i _ J/J J VoKG 

In this section we are in the type II A picture of intersecting DG-branes, where we however 
omit the prime on the moduH fields . 
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with: 

Xo ■- 



'{zs-z2y-'' {zs-ziy-'^ 

(^3 - Zi)[z^ - Z2) 
(ZS - Z2)iz3 - Zi) 



[{Zs - Z2){Z3 - ^l) + (1 - e^){z3 - Z3)izi - Z2)] 



(5.15) 

As in the case with the untwisted matter field correlator, we fix three vertex positions 
according to ( p.40|) and include the c-ghost correlator ( |3.41| ). To this end, the string 
S'-matrix -Afj^-^^jjj may be expressed in terms of the integrals (|3.43 ): 



A. 



CgCgUi 



2-4t-3 yi^-^ ^ 2t)/(-l - 2t, 26^ - 2) - 4z(l - 9^)I{-2t, 29^ - 1 
T{-2t) [ T{-t + 6^) + (1 - 6^) r(-l - t + 6^) ] 



2Ui 



r(-i - 1 + eo) T{-t + e^) r(i - 1 - e^] 

The above expression has the following momentum expansion: 



•^CgCgUJ 



sm{ne^) [ 1 + t + 0{t^) ] 



(5.16) 



(5.17) 



where 'ij:{x) = Inr(x) and 

Using D = e~^*^^^ , the symmetrized amplitude is finally 



A 



1 



CgCgU2-' 



2'KUi 



cosine^) sm{ne^) [l + t + 0{t^) ] 



(5.18) 



The linear term of the t-expansion ( |5.18| ) describes the derivative of the matter fields metric 

1 /2 

^CgCg After redefining the vertex operators Vcg — > Gj — Vcg, which converts 

the metric in the canonical normalized string basis into the field-theory basis, we obtain 
the following differential equation 



d 



j CgC 



CgCg 



2TiUi 



- cos(7r^"') sin(7r^-') p-' 



(5.19) 



Obviously, for all three complex planes j = 1,2,3, the scattering amplitude (|5.12| ) yields 
the same type of equation. Through ( 3.22 ) the angle 9^ depends on the moduli C/*. From 
( 3.20|) we obtain 

d9^ 1 

cos(7r6'^)sin(7r6'^). (5.20) 
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With these relations, we may convert the equations ( 5.19 ) into differential equations w.r.t. 

d 

^^Gc.c. = hr- (5.21) 



Q0j CeCe ^ 

These equations integrate to: 



3 



Gc,c.~a n\/f(r^- (5-22) 

Note, that this expression depends on the complex structure moduli through the relation 

The dependence of the metric Gq^-q^ on the moduli V" can be computed from the 
four-point disk diagram in the twisted sector, similarly as in the untwisted case. The 
relevant amplitude A = {VcgVt"^Vt"^V-^g) is: 

(5.23) 

We proceed exactly as in the untwisted case and find 



~ -^{i-e')s + o{k^) 

u 



(5.24) 



where F{a, 6) = (1 — 0') + 0'^ and 6' = 1 — 9^. The relative coefficients of the two terms 
in the last line of the above equation determine the moduli dependence of the metric: 

^c.c.=^n(^"^ + n-^^ (5.25) 

m 

Here G an arbitrary function of the other fields. 



6. Scattering of four matter fields and normalization of Yukawa couplings 

In the following we study 4-point functions of four matter fields 

A, = Ca ■ (ycAzi)VcSz2)Vc,{z^)V^^{z^)), (6.1) 

to obtain further information on the normalization of the physical Yukawa couplings and 
the holomorphic superpotential of the matter fields. Here Ci and Cj are again brane matter 
fields and Ca an yet undetermined normalization constant. 
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If all matter fields are charged under a common gauge group, the leading term in an 
momentum expansion of the factorization limit zi Z2 contains an s-pole k = (t~u)/s 
from an exchange of a gauge boson. For appropriate normalization this exchange agrees 
with the same process in the effective field theory 

A'y^ = lim = gl Gcjj^ Gc-c. (6.2) 

where we omitted identical group theory and kinematic factors on both sides. The subscript 
|k denotes the coefficient of the kinematics of the gauge boson exchange. Moreover, is 
the gauge coupling of the exchanged gauge boson on the brane A[i) on which the matter 
field Ci lives. The above equation may be used to eliminate the constant Ca in favor of 
the field theory quantities. 

If the string amplitude has been normalized as in (|6.2D, the leading term in the fac- 



torization limit ^3 za, reproduces the contact term from the Yukawa couplings in the 
effective field theory 

Al = lim A, = ^^^^ ^'"'^^'^ = ^'^'^ E ^^^-^ (6.3) 

k k 

Here we used the relation between the physical Yukawa couplings and the holomorphic 
superpotential, at cubic order in the matter fields [H , 



= e^'^'^ W^n^. (6.4) 

If VFijfc is "invertible" in the sense that one can chose the indices such that the sum over 
k collapses, the two equations imply 

which is independent of the normalization constant. The above equation relates the holo- 
morphic superpotential and the Yukawa couplings in the string frame determined by A^y 
Note that W is holomorphic by definition and on general grounds we expect that for 
the, say, type II A theory with branes at angles, it depends only on the Kahler moduli 
3^ . In this way the two factorization limits discussed above lead to a non-trivial constraint 



on the expressions appearing on the r.h.s. For the Kahler potential ( |3.14| ), the exponential 
factor becomes 



e 



and is in fact independent of the geometric moduli T ([/) in the type I IB {II A) theory. 
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6.1. Untwisted matter fields Ci 

In the following we shall determine the scattering of four untwisted matter fields: 



A. 



4 

{ki,k2,k3,k4) = C j WdziV^^Q 

-oo 

X {V^'\z,M) V^-'\z2M) V^'\zs.ks) v^-'\z,M)) 



(6.6) 



Two matter fields Ci,Ci refer to the i-th subplane, whereas the other two fields Cj,Cj 
originate from the j-th subplane. The constant C is the normalization of the four-point 
function to be determined later. All matter field vertex operators are inserted at the 



boundary of the disk. In the zero ghost picture they have been given in (|4.2|) , and in the 
— 1 ghost picture they read: 



(6.7) 



Due to internal charge conservation, a non-vanishing contribution arises in ( |6.6|) only if all 
internal complex fermions are contracted. Therefore, we obtain: 



tCl n^^^^cKG^ 



Z2 - Z4 Zi- Zz 



1 



+ 



(6.^ 



. {Zx - Z2) {Z3 - Z4) {Z2 - Zs) {Zi - Z4) _ 



The correlator £ for the exponentials is given in (|3.38|) and is subject to the momentum 
constraint ( |2.8|) . We may use PSL(2, R)-invariance on the disk to fix three vertex positions 



2:1 = , Z2 = X , Z3 = 1 , Z4 := Zoo = 00 



(6.9) 



and introduce the factor z^^ to account for the c-ghosts. In that case the expression (^ 
reduces to 



A- 



Ci Ci C j Cj 



{k,) = -tCTr{XlX,X]Xj^ 



dx x' (l-xV {- + S 

X 



1 



t C Tr(AjA]A,A,^ 



dx x'-' (1-x)" 1 + 5 



1 — X 
1 



- t C TY{X\x]XjXi) I dxx'-'{l-x) 



X — 1 



X — 1 



(6.10) 
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after taking into account the ordering of the Chan-Paton factors w.r.t. the vertex operator 
positions. With the Veneziano integral 



'o 



r(g + i) r(^ + i) 
r(2 + s + u) 



(6.11) 



we obtain: 



= -tC Tr(A|A,A]A^) [V{s - 1, w) + 5'^ V{s, u-l) 

- t C Tr(Aj A]A,Aj) [V{t -l,u)- S'^ V{t - 1, w - 1)] 

- t C Tr(A|A]A,A,) [-V{t - 1, s - 1) + 5'' Vit - 1, s)] 



(6.12) 



Adding the group factors from the flipped diagrams and expanding up to fourth order in 
the momenta we finally arrive at 



= C 

+ c 
+ c 



Tr(AjA,A]A,)+Tr(AjA,A]A,) 
Tr(AlA]A,A,)+Tr(AlA,A,A]) 
IY(AlAU,A.) + Tr(AlA.A,Aj) 



t TV' 



t 



-+ tu\+5^n— + —st 
so/ \ U 

6 / \ u 6 



+ —tu 1 + 5'^ 

s 6 



71 

6 



(6.13) 

The two factorization limits discussed above can now be read off from the general result 
( |6.13| )with i 7^ j. More precisely, the above result implies that the ratio Ajj/Afj is a 
constant, whereas it does not determine the index structure of the cubic couplings Wijk- 
The latter can be inferred from the charge selection rules of the internal CFT, with the 
result that W ^ only if i ^ j ^ k [51|. Using the result ( |4.22| ) for the matter metric, 
and ( |3.17D for the gauge coupling, one finds that the r.h.s. of ( |6.5D is a constant, leading 
to a moduli independent superpotential 



W = const. CfC^Cl 



A similar analysis can be performed for the other terms in the superpotential of ||51|| , 
containing various couplings for 5- and 9-brane matter fields, and again one finds that the 
cubic terms in the superpotential are moduli independent. This is in contrast to formulae 
in the literature, where the cubic terms in W sometimes appear with extra factors of the 
brane gauge couplings. 
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6.2. Twisted matter fields Cff 

Finally we consider the scattering of four twisted matter fields: 

4 

CKG 



(6.14) 

{V^l\z^,k^) V^-'\z2,k2) V^'J{zs.ks) V^-'\z^,k^)) , 



All matter field vertex operators are inserted at the boundary of the disk. The above choice 
of matter field vertices ( ^.3| ) and (|5.8| ) in the —1 and ghost picture, respectively has the 
advantage, that no contribution of excited twist or spin fields contribute due to internal 
U{1) charge conservation. Hence from both vertex operators in the zero ghost picture 
( p.8| ) only the second term contributes. We immediately obtain the factor t {zi — ^3)"^ 
from contracting the two space-time fermions '^{^z\) and ^/'(-Zs). The contribution E of the 
exponentials is given in ( p.38|) , the ghosts give a factor (22 — 24) and the four fermion 
correlator is 



{sb,{zx) s_b,{z2) 5^,(2:3) s_^i(24)) = 7^ ^ X ■ (6.15) 



The bosonic twist correlators Z\j = {a_gj{zi) a0j{z2) a_,^j{zs) a,yj{z4)) are slightly 
more involved. The four twist correlation function can be computed by adapting the argu- 
ments of [^ , |4^ to the open string case. In particular the result for generic fiuxes/angles, 
but f = 6, has been obtained in [Q. Since all twist fields are inserted at the boundary of 
the disk, the correlator for u 
by "taking the square root" -x 



the disk, the correlator for 9 can be read off from the closed string correlator [^,^ 

t":0 



Z, = C, (-l)2'^^«.+2'^%. z;"'^^^ 23"^'^- /,(x)-V2 zf ( '-^) , (6.16) 

V ^14^23/ 

where Cj = a/ sin(7r6'), x = zi2Zs4,/ Z13Z24, and denotes the instanton sum Moreover 
I,ix) = - smin6^) [B^.,, G'2;,(x) H^.,,il - x) + Gi;,(x) if2;,(l - x)] , (6.17) 

TT 

where Bi-^ = r^^^'lg^/jj^^ , B2-j = 9(T+SSt' Gi-j{x) = 2Fi[9\ 1 - p\ 1;x], G2-j{x) = 
2Fi[l-e^,u^,l-x],Hi,j{x) = 2Fi[e^,l-v^,l + e^-u^;xld.ndH2,j{x) = 2Fi[l-^^ z^^ 1- 
6^ + ; x] . In total the contribution of the internal twist fields amounts to 

3 

(-1) ^HfH^TTc,. I^[x)-^nzf (6.18) 

^122l4^232;34 ^\ 
J = l 



17 



See also [£0,18,2C] for a further discussion of the open string case. 
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due to ( |3.25|) . Putting everything together, the amphtude (|6.14|) becomes 



A 



CgC gCiyC , 



, ^oo 4 3 



cl 
3 



(6.19) 



X z 



ct s — 1 ^—a t ^—a u — 1 ^ — a u—1 ^ — ot t ^ — ot s — \ 



12 



^13 ^14 



-23 



^24 ^34 



We fix three vertex positions according to (|6.9|) and introduce the factor to account for 
the c-ghost correlator. With that choice ( |6.19| ) reduces to: 



t 

2 



dz ^-"'"-1 iz 



(6.20) 



In order to extract the Yukawa couphngs, we investigate the hmit ^ ^ oo in the 
integrand of the four matter fields amplitude ( |6.20| ). After using the relation P^,^ 



lim TT ^sin(p7r^-^) Ij{z) 



(-1)^=-' z^'+^' r^.,,, o<e^ + <i , 

_^_i^k-i ri_,,,i_,, i<e^ + v^ <2, 

(6.21) 



with 



the integrand of (|6.2UD becomes in the limit z ^ oo: 



(6.22) 



5 nrje.i'^.i 



dz z 



-ct't-\ 



(6.23) 



Here the Wj is the superpotential describing the (classical) world-sheet disk instanton 



contributions elaborated in [17,TH1. From the above one finds the relative factor 



n 

i=i 



r(i-^^) r(i-z/^) v{d^ 



1/4 



(6.24) 



between the Yukawa couplings in the string and the field theory basis, in agreement with 
the results of section 5. Note that the correct power 1/4 of the above factor is in contrast 
to a power 1/2 claimed in Refs. [ p!8| , p!9| .El 



As mentioned already, the quantum part encoded in V Qj is at any rate just the square root 



of the closed string calculation, and can therefore be read off from Eq. (4.16) of [45|. 
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7. Conclusions 



For type IIB orbifold/orientifold compact ificat ions witli D9,D7, D5 and DS-branes 
with internal background fluxes we have calculated the complete (bosonic) tree-level ac- 
tion up to second order in the space-time momenta and scalar matter fields. Our findings 
directly apply to type / orbifold/orientifold compactifications with D9 and D5-branes. 
Moreover, after performing T-duality ( p.l8| ), our deliverables take over to type II A orb- 
ifold/orientifold compactifications with intersecting Z)6-branes. Although our outcomes 
hold also for the non-supersymmetric case, here let us review those for the N=l super- 
symmetric case in D = 4. We collect the main formulae for type IIB orbifold/orientifold 
compactifications with D9-branes with non-trivial background fluxes. 

In section 3 the holomorphic gauge kinetic function / has been determined via disk 
scattering of two gauge fields and one mo dulujli with the result ([3.171): 



/(., tn = \nW\ {s - a'-'f'f - a'-'ff - a'-'ff t') . (7.1) 

Here, are three background fluxes on the L>9-brane, referring to the three tori T^'-' the 
-D9-brane is wrapped on with the wrapping numbers . 

The Yukawa couplings and the superpotential were derived by computing open string 
four point amplitudes on the disk. Further details may be looked up in section 6. 

The Kahler potential for the untwisted fields has been derived in section 4 (see also 
the appendix) and is summarized in ([4.22|) , while the metric for the general case has 
been determined in section 5. For completeness we discuss here also the special case of 
matter fields with one angle equal to zero, which appear in the context the T-dual of 
pure 2]?-branes. Although the metric for these cases does not, in general, follow from the 
generic formula due to the appearance of extra massless states, the computation can be 
straightforwardly adapted. For pure 5 and 9 branes one finds 



which again agrees with the expressions of in the case of fixed complex structure. 

We have determined the Kahler potential for the metric moduli T^,U^ and matter 
field moduli Ci^Cg in the absence of Wilson line moduli. It would be very interesting to 
extend our calculation to the case, when Wilson lines are turned on. The moduli space 
of metric and matter fields of -D = 4 Calabi-Yau compactifications without branes shows 
some restricted structure, known as special geometry S. This is the case for heterotic 



One should mention at this point that the string computation of |48] already implicitly 
contained this result. 
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N=l Calabi-Yau compactifications and follows from the underlying (2, 2) superconfor- 
mal world-sheet symmetry, which governs the closed string vertex operators. A natural 
question is, whether the geometry of the moduli space of N=l type / or type // compacti- 
fications involving both open and closed strings (and D-branes) shows a similar restricted 
structure. To address this questions, one has to calculate four point-disk scattering ampli- 
tudes involving both open and closed strings to obtain conditions on the Riemann tensor 
of the moduli space. 

Finally, the discrete symmetries acting on the moduli fields imply non-trivial trans- 
formations on the various vertex operators for the metric and matter field moduli, quite 
similar to the heterotic case []52| , ^^ . It would be interesting to study those transforma- 



tion properties within these type / and type // vacua, used in this paper. 
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Appendix A. Scattering of two closed string moduli off the brane 

Finally, in this section we shall determine the function K{M, M) in Eq. (|1 . 1|) through 
string amplitudes. This term describes the metric of the Kahler and complex structure 
moduli , U\ respectively. We consider the scattering of two closed string moduli fields 
T\ on the disk. We perform our calculation on the type I IB side with general fluxes 
JF-? on the L>9-brane turned on. 

A.l. Disk amplitudes with two closed strings 

Following the notation introduced in section 2 we consider the case Ng = 0, Nc = 2. 
As we have already reviewed there, a closed string vertex operator inserted on the disk 7Y_|_ 
is split into two open string vertex operators depending respectively holomorphically or 
anti-holomorphically on the complex sphere coordinate z. Their interactions are described 
by the correlator ( |2.2|) with the matrix D^^ . Again the closed string momentum q is 
distributed to the two open strings according to (pT5|). Hence, two closed string vertex 
operators with momenta qi,q2 on the disk are treated as four open strings of momenta 
^qi, and \Dq2^ respectively. Only the momentum parallel to the D-brane is 

conserved: 

9l'+4'=0. (A.l) 
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After introducing the four momenta ki entering in the four open string vertex operators 



ki=qi , k2 = Dqi , k^ = q2 , k^ = Dq2 



(A.2) 



Eg. ( |A.1| ) translates into ( f2.8| ), with kf = 0. Again, we may introduce the Mandelstam 



variables (|2.9|) , with s + t + u = 0. However, now Eg. ( |2.9|) implies the constraints [|26 



(A.3) 



in contrast to (|2.10|) for the case No = 2, Nc — 1. 



A.2. Disk scattering of two metric moduli fields 

We shall first consider the scattering of two Kahler moduli T* and T"' on the disk: 

A^,^.{quq2) = C j dhi d^Z2 FcKG V^-''-'\z2,Z2,q2)) . (A.4) 

There are two contributions, one Xi coming from the contraction of only two internal 
fermions and a second X2 from contracting all four internal fermions: 



A ,Tj,j{qi,q2) = C ^ / d^zi d^Z2 V^kg - 



X 



s 



Z2 - Z2 



{Zi- ZiY{z2- Z2) Zi-Zi 



(Zl - Zi){z2 - Z2) (Zi - Z2) {Zi - Z2) 



(A.5) 

On the disk the conformal Killing volume is canceled by fixing three positions and in- 

troducing the respective ghost correlator. A convenient choice of vertex operator positions 
is [|27 

zi=iy , Zl = -iy , Z2 = i , Z2 = -i , (A.6) 
which implies the ghost factor 1 — y^. With this choice the amplitude Aj^^^^j becomesS 



A^iTf^j [qi,q2) — -. —i zir 

Ay 



X / dy 
'0 



i-y 
1 + y 



2t 



y 



With this choice ( |A.6| ), the exponential £ in ( p.38 ) becomes £ 



iy 



1+y 



(A.7) 

|2t 
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Now we perform the same steps as described in |27] to bring the above integral into the 
standard form ( |6.11| ): 



1 



1 



{s - 1) V{t, s - 2) + 5'^ sV{t-l,s- 1) 

mns - 1) 



+ s] (1 - s 



T{s + t) 



With the identity D^D^ = 1 we obtain for the case i = j 



1 



(T* -T )2 
1 



[s + t) 



2 T{s) T{t) 

r(i + s + t) 

6 



(Ai 



(A.9) 



St 



whereas the case i ^ j gives: 



ns) r(t + i) 



rj-iJ 



T{s + t) 



6 



-St 



(A.IO) 



Note, that the first result (|A.9|) is completely independent on the value of the fluxes f^, 
since the parameter has dropped out. Only in that case we find a term proportional to 
s/t to conclude 

G^.^. = =^ . (A.ll) 

(T^ - T )2 

That pole-term describes a pole on the sphere with the closed string vertices coming close 
together. Since the parameters Di,Di, which determine the mixing of the open string 
boundary conditions on the L)9-brane, have completely dropped out for A^^^^^i , the result 
is independent, whether the internal open string fields of the vertex operators and 
Vj;i obey Dirichlet, Neumann or mixed boundary conditions. This means, that we would 

have anticipated the same result for from scattering and in the presence of 

a L>5-brane wrapped around a torus T^'^, with k ^ i. In that case the torus T^'* would 
be transversal to the L>5-brane with the open string fields obeying Dirichlet boundary 
conditions. 

Let us now repeat our previous calculation for the disk scattering of two complex 
structure moduli C/* and The details are similar to the above derivation. Again, one 



has to use the identity D^D^ 



(91,92; 



1 to arrive at: 

„ r(t)r(s + i) 



TV 



- 1 St +0{k 



6 



(A.12) 
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Prom this amplitude one concludes, that there is no coupling between complex structure 
moduli from different planes. Furthermore the Kahler metric G^^jji for the complex struc- 
ture moduli is encoded in the pole: 

G^.jj. = =^ . (A. 13) 

Finally, the disk scattering of one Kahler modulus T* and one complex structure 
modulus U'' gives a vanishing result due to internal charge conservation: 

^r.f7.(?i,?2) = 0. (A.14) 



The above scattering results, i.e. the metrics ( |A.11|) , ( |A.13| ) and ( |A.14|) , can be derived 
formally^ from Kahler potential for the metric moduli: 

3 3 

- ln(^ -S)~Y^ ln(T^' - T') - J] \n{U^ - U') . (A.15) 

The first term describes the kinetic energy term for the dilaton field 5", with Im(5') = e"^"^** 
(c/. Appendix B). Alternatively, in terms of the physical moduli fields, introduced in Eqs. 
( p.l2| ), (|3.13| ) and ( |3.27] ), the Kahler potential K without the matter field metrics may be 
also written (c/. (|3T4D ): 

3 3 

K{M,M) = -^4^ ln(s + s) - J2^n{t^ +^^) " JZ^^^^^ +^^) • ^^■'^^^ 

i=i i=i 

To conclude, the Kahler potential ( |A.16|) takes the same form as in ordinary type / or type 
I IB orientifold/orbifold compactifications without fluxes. For those models without fluxes 
Eq. (|A.16D has been derived based on symmetry arguments in |3^]. The fields entering in 



( A. 16 ) stem from the untwisted sector, which explains its quite universal appearance even 



in the presence of fluxes. As we have seen in our calculations, it essentially makes no 
difference, whether we consider disk scattering of Kahler and complex structure moduli 
fields in the presence of a DO-brane or L>5-brane. In other words, the result is independent, 
whether the torus, to which the moduli fields refer, is parallel or transverse to the Dp^ 
brane. In fact, we could just stick to the bulk of the Dp-hrane, where only the closed 
string sector of the underlying type IIB orbifold/orientifold lives. From scattering of four 
moduli fields on the sphere one ends up with the same result ( A.16| ). It has been already 



pointed out in 0, that D = 4 heterotic N=l or N=2 type // compactification on the same 
manifold have the same metric moduli spaces up to second order in the momenta. We 
have checked this for the kind of models we discuss in this article. 



It should be kept in mind, that the scalars S,T^ and [/-' do not represent scalars of N=l 
chiral multiplets. 
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Appendix B. Matter and gauge fields coupling to the graviton and dilaton 

In this section we shall be interested in the dilaton dependence of the gauge couplings 
and matter field metrics, which have been the subject of the previous sections. This 
discussion is necessary in order to obtain the dilaton dependence of the metrics. The 
vertex operator for the bosonic massless closed string modes describing a graviton, dilaton 
or anti-symmetric tensor in the (—1,-1) ghost picture is given byji 

V^~^'~^\z, z, q) = e^^ e-^(^) e''^^'^ ^^{z) 1/^^(2) e*'?'^^''^^'^) . (B.l) 

The polarization tensor e^j^ is subject to the on-shell conditions e^^q^ = = e^i^q''^ and 
q^ = 0. Apart from these constraints we shall perform the calculation for arbitrary po- 
larization e^jy, thus allowing to also extract the gauge and matter field couplings to the 
graviton and anti-symmetric tensor. The polarization e^^, in ([B.l|) determines the relevant 
closed string stateii: 



e/xi/ = Ciz/x 5 Graviton , 
e^jy = — ejy^ , Kalb — Ramond , 

= ^ iVf^iy - (liAu - Qj^Qf,) : 9^ = , q^,q'' = 1 , Dilaton . 



(B.2) 



We consider disk amplitudes with one massless bosonic supergravity NS field inserted in 
the bulk and two open string states, inserted at the boundary of the disk. The open string 
states are respectively untwisted matter fields Cj, twisted matter fields Cg, and gauge fields 
A^. First, we shall calculate the string 5'-matrix: 

Ac.c.a = V / "'t^Kf" <^c°'^~"*'' V^i-^M vi-'-"(J3,.3W)> . (B.3) 



The untwisted matter field vertex operators have been given in ([4.2| ). 

In ( [B.3| ) two contractions are possible: The first, denoted by Ai, with the two inter- 
nal bosons from the matter vertices contracted and a second A2 with their two internal 
fermions contracted. All correlators are basic and may be looked up from section 2. To 
this end we find 

—i r dzidz2(fizs 

J VcKG 



^C.C.G = - I \r\ ' g(^l+^2), (B.4) 



For further details, see also |54]. 

Note, that in type / or type IIB orientifolds the space-time anti-symmetric tensor 6^,^ is 
generically projected out. 
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with 

Xi = -Tr(e) 
X2 



1 



1 



{Zi - ^2)^ iz3 - 23)^ 



1 



(^1 - Z2){zs - Zs] 



s Tr(e) 



/cie/c2 



+ 



(2:1 - ^2)(^3 - ^3) (^1 - ^3)(22 - ^3) (^1 - ^3)(^2 - 23) 

(B'.S) 

and the correlator ( |3.38|) . After fixing the vertex positions hke ( p.40|) and introducing the 
ghost correlator ( |3.41| ), we obtain: 



A — —2' 



-At-l ^-1 

TT 



^ Tr(e) (1 + 2t) /(-I - 2t, 0) + i k\{e + e*)A;2 I{-2t, 1] 



i) 



[t Trie) - t k{{e + e')k2 + 0{t^) ] 



(B.6) 

The first term gives rise to the coupling of the two untwisted matter fields C^, Ci to the 
dilaton, while the second term describes their coupling to the graviton (at zero momentum). 
Obviously, there is no coupling of the anti-symmetric tensor b^i, to the matter fields. 
Next, we calculate the disk amplitude 

Ce 



A, 



CaCaG 



VcKG 



Vp{z2,k2) V^-''-'\zs,zs,q)) 



(B.7) 



involving two twisted matter fields Ce.Cg inserted at the boundary of the disk and one 
closed string modulus from the bulk. The latter describes a massless bosonic member of 
the supergravity multiplet. It proves to be convenient to work with the matter vertices 
in the zero-ghost picture ( |5.8|) and the closed string vertex ( p.l| ). Since, the bosonic 
and fermionic twist fields in ( [B.7| ) completely decouple from the closed string vertex they 
correlators may be determined independently. Due to internal charge conservation they 
boil down to products of the basic Green's functions (|5.5| ) and ( |5.11| ): 



{\^T_0i tgi{zi) JJa_0i sej{zi)] rem t-0ra{z2) JJ s_Qk{z2)]) 



1=1 
3 



m=l 



fe=i 



(zi - Z2) 



^d^i^l)] iYl^^e" S_gk{z2)]) 



k=i 



Zl - Z2 



(B.8) 

The contraction of the space-time fields in ( [B.7| ) are the same as in ( [B.3| ). In fact, it is not 
hard to see, that the amplitude A.(j^q^q takes the same form as ( [B.4| ) and ( [B.SI) . Hence 
we conclude: 



A, 



CgCaG 



A. 



CiCi G 



[B.9) 
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Finally, the coupling of the dilaton to two gauge fields at the boundary of the disk 
may be directly taken from ||26|| : 

Aa^A'^g = -2 IV(e) [ (pi6)(P26) - (P1P2)(66) ] t ^^^^ 

= IV(e) [(pi6)(Mi)-(PiP2)(66)] [l + 0{t)] . 

Hence, we conclude, that both the matter metrics and the gauge couplings have uni- 
versal couplings to the dilaton at disk tree-level. 



Appendix C. Disk scattering with excited twist fields 

Let us now calculate the string S'-matrix 
dzidz2d? Z'i 



A, 



CeCgW 



(0), 



(-1,-1), 



Co 



^3,^3,?)) 



(C.l) 



VcKG 

on the disk to extract information on the metric of two matter fields. Furthermore, the 
two matter field vertices are inserted at the boundary of the disk, i.e. z\ = ^1,^2 = 2^2, 
while the closed string vertex operator for the [/■'-modulus, given in ( 3.30 ), is inserted in 
the bulk. The latter is chosen in the (—1,-1) ghost picture, while the matter vertices are 
taken in the ghost picture ( p.8| ) in order to guarantee a total ghost charge of —2 on the 
disk. Due to internal charge conservation, there are two non-vanishing contributions to 
the amplitude (|5.12| ): One from the contraction of the internal fermions of the [/■'-modulus 
with the both excited twist fields 

They arise from the contraction of the [/■'-vertex operator with either only the first 
terms of the matter vertices ( |5.8|) or with only the second terms. We shall denote these 
two possibilities by Xx and X2, respectively. The contraction of the exponentials is given 
in ( p.38| ), i.e by E. The correlators (|5.5|), ( p75| ) are needed, together with the correlator: 



(te.(^l) t-6A^2) *^(^3) ^'(^3)) 



- z^ 



{zi - Z2) 



{Zl - ^3) {Z2 - Zz) 
Xzx - Zs) {Z2 - 23). 



for the first contraction, while for the second contraction we use (|5.10|) . We obtain 

dz\dz2(!(^ zj, 



A^ 



CgCeU^ 



JJj -U^ J VcKG 



£ {zi - Z2)-'izs - zs)-' (Xi - 2t X2] 



(C.2) 



(C.3) 



with: 



= (1 - 9^) 



Xo 



[Z3 - Zl) [Z3 - Z2) 
(ZS - Zl) {Z3 - Z2) 



{Z3 - Zl) {Z3 - Z2, 
{Z3 - Zl) {Z3 - Z2) 



(C.4) 



>3 - Zl) (23 - Z2] 



.(^3 - Zl) (23 - Z2) 

The two terms Xi and X2 agree with the expressions, given in ( |5.15|) . Hence, the string 
5'-matrix ( |C.1| ) gives the same result as the amplitude ( p.l2| ). 
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